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Abstract 
Diamond, B., Algebraic subrings and perfect compactifications, Topology and its Applications 
39 (1991) 217-228. 
A subring 9 of C*(X) is algebraic if 9 contains the constant functions and those functions 
f~ C*(X) such thatf’ E % According to Gillman and Jerison, the set 9 of all functions in C*(X) 
that are constant on a given connected set is an algebraic subring of C*(X). Also, if X is compact 
and 9 is an algebraic subring of C*(X), then maximal stationary sets of 9 (sets on which 
members of 9 are constant) are connected. A compactification KX of X is perfect if k’(p) is 
connected for each p E KX, where k :/3X + KX is the natural map. We discuss the relationship 
between perfect compactifications of X and algebraic subrings of C*(X). 
Keywords: Algebraic subring, perfect compactification. 
AMS (MOS) Subj. Class.: 54D35, 54C30. 
1. Introduction 
Al1 spaces considered in this paper will be completely r 
The ring of all continuous real-valued fttnctions on a space will be denoted by 
C(X), and the bounded elements of C(X) by C*(X). 
If U is an open subset of X, and yX E Yl(X), the set of compactifications of X, 
then Ex,JJ,, the extension of U in 7X, is defined to be yX\cl+( 
to see that Ex,,& is the largest open subset of whose intersection with X is 
the set U 
A compactification yX of is perfict if for eat 
cl,,(bd,U) = bd,xEx,xU. Act e core 
perfect compactification of 
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The equivalence of (i), (ii), (iii) and (iv) of the following proposition appears in 
Theorems 1 and 2 and Lemma 1 of [7]. 
.I. Let yX E X(X), with natural map k : BX + 7X. The following are 
equivalent : 
(i) yX is a perfect compactijication of X, 
(ii) ifUandVaredisjointopensubsetsofX,thenEx&Ju V)=Ex,&JuExYxV, 
(iii) for each p E yX, k’(p) is a connected subset of BX, 
(iv) if A and B are disjoint subsets of X, then ~1,~ A n cl Yx B = 0 if and only if 
~1,~ bdx An ~1,~ bdx- B = (li, 
(v) there is no point p E yX\X having a neighbourhood U in yX such that U n X = 
V, u V2, where V, and V’ are disjoint open subsets of X and p E ~l,,~ V, n cl,, V, . 
A space X is rimcompact if X has a base of open sets with compact boundaries. 
Any rimcompact space X has a minimum perfect compactification FX, the Freuden- 
thal compactification of X, obtained by collapsing each connected component of 
fiX\X to a point (see [6], for example, for a discussion of FX). 
If G is a subring of C*(X), and yX and CUX are compactifications of X with 
yX 3 cwX, 9$( yX, CUX) will denote {f E C( yX) 1 f Ix E ~9 and extends continuously 
to crX}. The collection 9&X, CWX) will be denoted by 9JaX). A subring 9 of 
C*(X) is algebraic if 9 contains the constant functions and those functions f E 
C*(X) such that fz E 9. Since each f E C*(X) has a continuous extension to /3X, 
9 is an algebraic subring of C*(X) if and only if &(pX) is an algebraic subring 
of C”(PX). 
If 9 is a subfamily of C(X), a stationary set of 9 is a subset of X on which 
every member of 9 is constant. The following is 16.30 and 16.31 of [4]. 
Proposition 1.2. The set $ oJf all functions in C*(X) that are constant on a given 
connected subset S of X is an algebraic subring of C*(X) that is closed in the metric 
topology of c*( X). 
If X is compact, and 9 is an algebraic subring of C*(X), then each maximal 
stationary set of 9 is connected. 
A decomposition of a space is monotone if each element in the decomposition is 
connected. Since an intersection of algebraic subrings is algebraic, it follows that 
the set of all functions in C*(X) constant on each element of a monotone decomposi- 
tion of X is an algebraic subring of C*(X). Conversely, if X is compact, and 9 is 
an algebraic subring of C*(X), then the maximal stationary sets of 9 form a 
monotone decomposition of X. 
In particular, if 9 separates points and closed sets of a space X, then the quotient 
space of PX obtained by collapsing each maximal stationary set of 9&3X) to a 
point is a perfect compactification of X. In this paper we investigate further the 
connection between algebraic subrings of C*(X) and perfect compactifications of X. 
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2. Algebraic SUI rings and perfect corn 
We begin with a trivial observation on algebraic subrings for arbitrary com- 
pactifications. 
Theorem 2.1. Zf 9 is an algebraic subring of C*(X), and aX is any compactijication 
of X, then ~&YX) is an algebraic subring of C*(crX). 
roof. Suppose that J’E C*( CUX) and that fz E 9,( ox). Then f “lx = (f Ix )’ E 9, SO 
that f Ix E 9 and f E 9&X). Cl 
Of course, the above does not show that 9&?X, CUX) is an algebraic subring of 
C*(pX), with good reason. We shall see in theorem 2.5 that 9,( 
algebraic subring of C*(pX) for every algebraic subring s of C*( 
if CUX is a perfect compactification of X. To prove Theorem 2.5, we need to use 
Taimanov’s Theorem (Proposition 2.2) to show that a stronger version (Lemma 2.3) 
of this same result holds with perfect compactifications and maps into the real 
numbers R. 
The following is an easy consequence of 3.2.1 of [33. 
roposition 2.2 (Taimanov’s Theorem). Let aX and cy Y be compactijkations of X 
and Y respectively, and let f be a map from X onto Y. There is a map .f’ : aX 
extending f if and only if for A,B c Y, claYA n clayB = 8 implies that clax f * 
c1,xf ‘[ B] = 0. 
Lemma 2.3. Suppose that yX is a perfect compactijcation of X and f E C*( 
following are equivalent: 
(a) f extends to f y : yX + R, 
(b) for distinct y, ,y2 E 0% clyxf ‘(y,) n clYxf ‘(y2) = 0. 
Proof. (a)*(b) This is obvious. 
(b)*(a) Let A and B be disjoint closed subsets off [X] such that cl, 
0; we wish to show that clYx f ‘[A] n cl,x f ‘[ B] = 0. Since f is bounded, the sets 
cl, A and cl, B can be placed inside disjoint closed sets C and D of IR having finite 
boundaries. Since bd,,,,( C n f [ X]) c_ bdR C, the sets A, = C n f [ X] and 
f [X] are disjoint closed sets off [ X] having 
(bi: i= 1 to m} respectively. Since yX is pe 
~1,~ bdxf’[A,]ncl,x bd,f’[B,]=@. Now 
~1,~ bdxf’[A,]ccl,xu{f 
~1,~ bdx f *[ B,] E u (~1,~ .f esis, [U {clYx f ‘(a,): i = 1 
to n}] n [U (Cl,x f ‘( bi): i = 
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The proof of Lemma 2.3 uses no special property of IF4 other than that dis@nt 
closed bounded sets can be placed inside disjoint closed sets having finite boundaries. 
Thus Lemma 2.3 holds for SE C(X, Y) extending to g E C( yX, yY), where yX is 
3 perfect compactification of X, and sets in Y having disjoint closures in yY ca 
be placed inside disjoint closed subset of Y having finite boundaries. 
The next example indicates that the equivalence of (a) and (b) in Lemma 2.3 
need not hold if yX is not perfect. We shall see, however, that there is a group of 
spaces for which the equivalence of (a) and (b) does hold for all compactifications 
(Corollary 3.6), so that the perfectness of yX in Lemma 2.3 is not a necessary 
condition. On the other hand, we show in Theorem 2.6 that the collection of functions 
satisfying (b) is an algebraic subring of C*(X) if and only if yX is perfect. 
Example 2.4. There is a compactification yX of a space X, and f~ C*(X) such 
that c&f ‘(y,) n cl+. f ‘(yz) = 8 for distinct yl, y, E , but f does not extend to yX. 
Let X = 88, yX = OR, the one-point compactification of IR and f(x) = arctan (x). 
Since lim,,, f(x) f lim,,_, f(x), f does not extend to wR. 
A subring 9 of C*(X) containing the constant functions determines a compac- 
tification of X if 9 separates points and closed sets of X. The subring 9 determines 
a particular compactification yX of X if each f E 9 extends to yX, and if 9$( yX) 
separates points of yX. 
The equivalence of (a) and (c) or of (a) and (d) in the following is an easy 
consequence of Proposition 1.2. We include the argument that (d) implies (a) for 
completeness. 
Theorem 2.5. Suppose that yX is a compactifkation of X. The following are equivalent: 
(a) yX is a perfect compactification of X, 
(b) for each algebraic subring 9 of C”(X), s&IX, yX) is an algebraic subring 
of CYPX), 
(c) if%= C*(X), then 9,(/3X, yX) is an algebraic subring of C*(pX), 
(d) there is nn algebraic subring 9’ of C”(X ) which determines yX. 
Proof. (a)@(b) The collection 9$( PX, yX) is clearly a subring of C*(pX). Sup- 
pose that gE C*(pX) and that g% $++(pX, yX); that is, g21, E 9 and extends to 
yX. Let f denote glx. Then f E 9, so that according to Lemma 2.3 it suffices to show 
that cl,x f ‘(y,) n cl,x f ‘(y2) = 0 for distinct y, ,y, E R. Since f ‘(y,) c_ f 2’(yf) for 
i = 1,2 and f2 extends to yX, cl,x f ‘(y,) n clYx f ‘(yz) E cl+ f”(yf) n clyx f “(ys) = 
0 if yi Z yz. If y: = y$, then y, # 0, y, # 0. Without loss of dzrrerality, y1 < 0, y2 > 0. 
Since bdyx f ‘( -00, 0] n c&f ‘(yl) c clYx f ‘(0) n cl,,x f ‘(yz) = 0 and yX is perfect, 
&f Y-00, 01 n clYxf ‘(yz) = 0. Thus clYxf ‘(y,) n clYxf +(yJ = 0. 
(b)*(c) This is clear. 
(c)*(d) If 9$(pX, yX) is algebraic, for ‘9= C*(X), then S'={f E C*(X): f 
extends to yX} is algebraic, since S’,(pX) = 9,( BX, yX). The subring 9’ clearly 
determines yX. 
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(dj+aj Suppose that F is algebraic and determines yX. Then $>(pX) = 
9$.(pX, yX j, and is an algebraic subring of C*(&Y). It follows from Proposition 
I .2 that the maximal stationary sets of %:(pX, yX) are connected. Since yX, up 
to homeomorphism, is the decomposition space of PX obtained by collapsing each 
maximal stationary set to a point, the natural map from /3X onto yX is monotone, 
so that yX is perfect. Cl 
Example 2.13 will indicate that yX perfect does not imply that every subring 
determining yX is algebraic. 
We return briefly to those functions fc C*(X) having the property that 
cl,&‘(yl j n cl,,S‘(y~j = (b for y1 # yz E R. 
Theorem 2.6. For any space X and compactijication yX of X, the _foltowing are 
equivalent : 
(a) yX is a perfect compactijkation of X, 
(b) thecollection9={fEC*(X):cl,xfc(y~)ncl,,f’(y,)=0fordistinctyl,yzE 
R} is an algebraic subring of C*(X). 
roof. (a)+(b) According to Lemma 2.3, 9 consists of precisely those functions 
in C*(X) which have continuous extensions over yX, so that 9 is a subring of 
C*(X) containing the constant functions, and &(pX, yX) = &(/3X). Also, if 
F= C*(X), then 9:(/3X, yX)= &(pX). It follows from Theorem 2.5 that 
9#( PX) is algebraic, so that 9 is algebraic. 
(b)*(a) Suppose that yX is not perfect, and choose p E yX\X witnessing that 
fact. According to Proposition 1 .l, there is an open neighbourhood U of p in yX 
such that U n X = U, u Uz, where U, and U2 are open in X, clx U, n clx Ut = 8, 
and p~cl,,~ U, ncl,,* lj2. Choose g E C*( yX) such that g is nonnegative, p E 
int,,x g’( 1) and g[yX\ U] = 0. Define f on X as follows: 
gl*(x) =X\U,, 
f(x’=Lg,x(;), XE U,. 
The function f is continuous zn _Xbecauseg[bd&]=O.Sincef’(l)=g’(l)nU~, 
f’(-l)=g‘(l)n U 1 and pEcl,x[g+(l)n U,]ncl,Jg’(l)n UJ, f@@. owever 
f * = g*I, E 9, so that 9 is not algebraic. Cl 
As was mentioned following Lemma 2.3, even if yX is not perfect, the collection 
g of Theorem 2.6 may still be precisely those elements of C*(X) which extend to 
yX (Corollary 3.6). 
The following example indicates that the existence of a single algebraic subring 
9 of C*(X) with 9&X, yX) 
3 = C*(X) cannot be replace itrary algebraic 
subring of C*(X). 
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le 2.7. There is a space X, a compactification yX of X and an algebraic 
.FF of C*(X) such that S&3X, yX) is algebraic even though yX is not 
perfect. 
Let X = R, and 9 = (fc C*(X) If is finite outside a compact set}. 
9 is easily an algebraic subring of C*( X ), and each f E 9 extends o 
point compactification FX of X. If yX is obtained from /3X by c 
two points in the same component of /3X\X, then FX s yX, so that 
5&+(/3X, FX) (=9%(/3X )). The fact that FX is a perfect compactification of X 
implies that SJPX, FX) is algebraic in C”(#3X). 
Example 2.7 illustrates a special case of the next result, essentially a translation 
of Proposition 1.2 into the language of compactifications. 
2.8. Suppose that yX is a compact 
(a) there is an algebraic su 
(b) rhe collapsing of sets to 
conneded components oJ’/3X. 
X. The following are equivalent : 
yX ) algebraic, 
of PX takes place inside 
Proof. In the following, k : /3X -* yX will denote the natural map. 
(a)+(b) Suppose that 9 is as in (a), and that f y and f @ are extensions off E 9 
over yX and OX respectively. Then fs =f y 0 S so that fS is constant on k’(p), 
for p E yX\X. That is, k‘( p) is contained in some maximal stationary set of 
3,(0X, yX ), itself contained in some connected component of /3X. 
(b)a<a j Let 9 be the smallest algebraic subring of X, the collection of all 
funGiions with finite range (see [4, 16.291). The maximal stationary sets of &(/3X) 
are the connected components et’ j3X. If for every p E yX\X, k+(p) is contained in 
a connected component of /3X, then f E 9 extends to f y E C*(yX), so that 
%&3X, YW = ~#(po 
If the collapsing of sets to obtain a compactification yX takes place inside 
connected components of /3X\X, then this collapsing takes place inside connected 
components of /3X. The converse is not true, of course, and the following example 
indicates that in (b) of Theorem 2.8, “connected components of PX” cannot be 
replaced by “connected components of pX\X”. 
Example 2.9. There is a space X, a compactification y/X of X and an algebraic 
subring 9 of C*(X) with F,(pX, yX) algebraic even though yX does not lie above 
any perfect compactification of X. 
Let X = R, yX be obtained from PrW by identifying any two points from the two 
different components of pR\R, and 9 be the collection of all constant ftip.ctions. 
Our final investigation into the connection between algebraic subrings of C*(X) 
and perfect compactifications of X will consider whether 9 can separate points 
and closed sets of X in Example 2.9. We first consider a condition on subrings of 
C*(X) weaker than that of being algebraic. 
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The next definition is motivated by a proof in [ 11. 
nitio A function g E C*(X) is a constant redefinition offs C*(X) if there 
is an open set l U of X such that g(x) = r for x ti U and g(x) =f(x) for x E UC (Each 
such g results from a redefining off to be constant outside a set on whose boundary 
f is constant.) 
. If 9 is a subring of C*( X ) closed under constant red&&ions, then 
f E 9 ifand only if If let 5 
f. Let 
+ f(x), x~f‘lo,w, 
f { 
= 
0, xEf+(-q0) 
and 
- 
f I f(x), xEfY-OO,w, = 0, xEf+[O,aO). 
Then f=f'+f-, while lfl=f'-f-. S ince f’ and f- are constant redefinitions of 
both f and If I, f e 9 if and only if IfI E 9. q 
The next result and following example illustrate the relationship between algebraic 
subrings of C*(X) and those closed under constant redefinitions. 
2. Any algebraic subring 9 of c"( X ) is closed under constant redefinitions. 
roof. Suppose that f E 9, and that g is a constant redefinition of J: That is, g is 
continuous, and there is an open set U of X such that g(x) = r for x g U, and 
g(x) =f(x) fo r x E U. Without loss of generality, r = 0. The function f2 E 9, and 
fz = 0 on bdx U. Define h on X as follows: 
1 -J(f(x))', h(x)= m, for xE X\U, for x E U. 
Since h’=f’ and 9 is algebraic, h E 9. Finally, h v equals If I on U, an 
X\ U. Since R ‘4 )*=g*, gE% 0 
The converse to Theorem 2.12 does not hold. 
There is a compact s 
nitions which is 
closed sets of X. 
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Let X be the closed interval I = [0, 11, and 9the collection of continuous functions 
on I that are piecewise polynomial; that is, f~ 9’ if there are a finite number of 
intervals {I’: i= 1 to n} such that lJ:=, Ii = I and fir, is a polynomial function on 
Ii. Clearly 9 is a subring of C*(X). Since 9 does not contain the functionf( x) = ~2, 
Sp is not algebraic. 
We would like to show that 9’ is closed under constant redefinitions. Suppose 
thatfEYwith{Ii: i= I to n} witnessing this fact. If U is open in X withf[bd, U] = 
r, let f’ denote the redefinition off which has the constant value r on X\ U and 
equals f on U. To show that f ‘E 9’ we find U’ open in X such that bdx U’ is finite, 
fbdx u’l = r, and f “= f ‘, where f” is the redefinition off having the constant value 
r on X\ U’ and equalling f on U’. If such a U’ exists, f” is easily an element of 9. 
For i < n, f I,, is polynomial on Ii, SO that either f is constant on Ii or f (x) = r for 
at most finitely many x in Ii. In particular, if bdx U n Ii is infinite, then f is constant 
on I; with f [ Ii]= r. Let F = (is n: bdx U n Ii is infinite}, and U’= U\UicF Ii. Then 
bdx U’ c Ui, F [bdx U n Ii] u Ui, F {endpoints of Ii}. AS a finite union of finite sets, 
bdx U’ is finite. In addition, f[bdx U’] = r. Since f is constant on U\ U’ with 
f[U\U’]={r), f”=f’. 
The following is then a weakening of 16.31 of [4]. The proof varies in one small 
detail. 
heorem 2.14. Suppose that a nonempty subring 9 of C*( X) is closed under constant 
redefinitions. If X is compact, then the maximal stationary sets of 9 are connected. 
Proof. Proceed as in the proof of 16.31 in [4] to the point where the function f is 
defined. Define _f as follows: 
xEX\h, 
f(x)={;(x), XE If,. 
The function f is continuous, since g[bd,H,] = E. Since f ic a constant redefinition 
of g, f E 9 and thus is constant on S. But f [SJ = E while .f[ S,] = 0, so that one of 
S,, Sz is empty and S is connected. Cl 
A number of the results obtained earlier hold if “algebraic” is replaced in the 
statement of the results by “closed under constant redefinitions”. In particular, this 
is true of Theorems 2.5 and 2.6, with the proofs requiring only straightforward 
modifications. The next result indicates that if we work with subrings closed in the 
metric topology of C*(X), where X is compact, the two notions coincide. 
eorem 2.15. Let X be a compact space, and let 9 be a nonempty subring of C*( X) 
closed under constant redejnitions. Then cl 9 is algebraic. 
roof. Since 9 is closed under constant redefinitions, the maximal stationary sets 
of 9 are connected. The Stone- eicrstrass Theorem (see 16.4 of [4]) implies that 
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cl 9 is the family of all functions in C(X) that are constant on every stationary set 
of 5. As an intersection of algebraic subrings (Proposition 1.2), cl 9 is algebraic. 0 
Recall that the support of a function f is the set cl, (X\f’(O)). In the following, 
L(X) will denote the set of points of X having compact neighbourhoods, and R(X) 
the set X\L(X). It is well known that for any compactification CUX of X, 
cl,J&X\X) = cuX\L(X). 
2.16. Suppose that X is rimcompact, R(X) is locally compact and O- 
dimensional, and yX is a compactijicatfon of X. The following are equivalent: 
(a) there is an algebraic subring 9 of C*(X) which separates points and closed sets 
of X for which 9&3X, yX) is algebraic, 
(b) yX lies above some perfect compactijication of X. 
Proof. (b)+(a) Suppose that yX lies above the perfect compactification arX; let 
9’= {f E C*(X): f extends over ax} and 9’= C*(X). According to Theorem 2.5, 
9>(pX, ax) is algebraic. Since %‘,(pX, CYX) = 9&X) = 9&X, ), g is the 
desired algebraic subring of C*(X). 
(a)+(b) We shall show that maximal stationary sets of &(j?X, yX) having more 
than one point lie in pX\X, and thus that the decomposition space obtained from 
PX by collapsing each maximal stationary set to a point is a compactification of 
X. Let k : PX + yX denote the natural map. Since {k‘(p): p E yX} refines {M: M 
is a maximal stationary set of 9$( PX, yX)}, and the fact that 9&X, yX) is 
algebraic implies that the maximal stationary sets of 9,(pX, yX) are connected, 
the theorem will follow. 
We claim that 9 contains enough functions with compact support to separate 
points of L(X) from closed subsdts of X. For suppose that F is closed in X, and 
x E X\E Without loss of generality, clx (X\F) is compact and contained in L(X). 
Choose f E 9 with f (x) e cl, f [ F]. Again without loss of generality, f (x) = 0. Choose 
~~~Osothat(-~,~)ncl,f[F]=(d.Then~f~[F]c[~,~).Letg=~f~~~;since~is 
algebraic, g E 9. The claim follows from the fact that g - E has compact FU~~_RZ% 
Since any function having compact support extends to any compactification, 
9&X, yX) separates points of k(X) and closed sets of X, so that maximal 
stationary sets of 9’&X, yX) having more than one point lie in pX\L( X). Aword- 
ing to 2.3 and 2.4 of [2], if X is rimcompact and R(X) is locally compact and 
O-dimensional, then ~1,~ (FX\X) is O-dimensional. It follows that if C is a connected 
subset of cl,&pX\X), and ICI > 1, then Cc_ pX\X, for otherwise j[C] (where 
j : PX + FX denotes the natural map) is a connected subset of 
more than one point. Then maximal stationary sets o 
pX\ L(X) and having more than one point lie in PX 
A careful reading of this 1 
Theorem 2.16 can be weakene 
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ary 2.17. Suppose that X is rimcompact, and R(X) is locally compact and 
O-dimensional. If 9 is an algebraic subring of C”(X) which separates points of L(X) 
and closed subsets of X, then 9 determines a perfect compactifkation of X. 
f. Since 9,(/3X ) is algebraic, maximal stationary sets are connect As in the 
proof of Theorem 2.16, if C is a connected subset of /3X\L(X) with > 1, then 
ccpx\x* q 
In this section we wish to look briefly at a particular subring of C*(X). A function 
f E C*(X) is in C”(X) if for every p E $X\vX, there is a neighbourhood of p in 
@X on which f @ is constant. The original efinition of C”(X) and a number of 
statements equivalent to the original definition, including the above, due to a number 
of authors, are presented in [S]. 
It is easy to see that C”(X) is an algebraic subring of C*(,U), and that C”(X) 
includes all functions finite outside a compact set. According to Theorem 2.5, if 
C”(X) determines a compactification yX of X, then yX is perfect, a result that 
has appeared as 3.8 of [I]. It is easy to verify (see [5] for the original references) 
that if X is pseudocompact, locally compact or O-dimensional, then C”(X) deter- 
mines a compactification of X. According to 2.5 of [S], if X is realcompact and 
C”(X) determines a compactification of X, then X is rimcompact and C”(X) 
determines the minimum perfect compactification FX of X. (Key to the proof is 
2.2 of IS], which points o hat if X is realcompact and f E C”(X), then bdx f ‘( r) 
is compact for every rE .) On the other hand, if X is pseudocompact, hen 
C*(X) = C’(X), and C”( determines PX. 
If f E C(X), let f”: VX denote the extension of j: It is clear that f E C”(X) 
if and only if f ” E C”( vX). The following special cases of Corollary 2.17 are slight 
generalizations of results appearing in [S]. 
Theorem 3.1. Suppose that X is rimcompact, and R(X) is locally compact and O- 
dimensional. Then C”(X ) determines a ( perfect) compactifkation of X. 
Theorem 3.2. If VX is rimcompact, and R( vX) is locally compact and O-dimensional, 
then C “( X ) determines a ( perfect) compactijication of X. 
roof. According to Corollary 2.17, C”( vX) determines a perfect compactification 
y( vX) of vX. Then y( vX) is a perfect compactification of X determined by 
C”(X). 0 
The existence of nonrimcompact pseudocompact spaces demonstrates that the 
hypotheses of Theorem 3.2 do not imply the hy stheses of Theorem 3.1. We do not 
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have an example to demonstrate the converse, but are unaware of any results 
suggesting a connection between the two. 
Examples in [5] demonstrate that there are rimcompact spaces X1 and X2, with 
R( X,) compact and connected and R( X2) O-dimensional, for which C#-functions 
do not determine a compactification. The next example (Example 3.4) indicates 
that if X is not rimcompact, hence(X) may not determine acompactification of 
X even if R(X) is compact and O-dimensional. We shall make use of the following, 
essentially 3.12 of [6] (the additional hypotheses in [6] allow an additional con- 
clusion, but are not used in the central argument): 
ma 3.3. If a subset S is removed from a compact Hausdor-locally connected space 
Y, leaving a dense subset X of Y, then Y is a perfect compactijkation of X if and on/y 
ijevery connected open neighbourhood in Y of any point in S has connected intersection 
with X. 
There is a realcompact space X with R(X) compact and O-dimensional 
for which C”(X) does not determine a compactification. The space X is not 
rimcompact. 
Let Y= Ix&and X= Y\((O, 1)x(l)); then R(X)=((O, l),(l, I)}. According to 
Lemma 3.3, Y is a perfect compactification of X. It follows from the definition of 
perfect compactification and the fact that Y\X is connected that there is no open 
set U of X with bd, U compact and with (0,l) E U while (1,l) g clx U. According 
to 2.2 of [5], mentioned above, no C# -function f can separate (0,l) and ( 1,l). 
The next result indicates a further strengthening of Taimanov’s Theorem for t% 
subring C”(X) (recall Lemma 2.3). 
Theorem 3.5. Suppose that f E C”(X) and that yX is any compactification of 
following are equivalent : 
(a) f extends to yX, 
W cl yxfc(y!) n cl,x f ‘( y2) = 0 for distinct y1 ,y, E R. 
Proof. (a)+(b) This is obvious. 
(b)*(a) Let f p : PX + R denote the extension of J and k : /3X + yX the natural 
map. If A, and A2 are disjoint closed sets in IR, then clpx f ‘[A,] A clpx f ‘[AZ] = 8. 
If p E cl,x f ‘[A,] n cl,x f +[A& choose pi E cl,,f’[A,] n k’(p)* If vi denotes 
fP(pi)EAi (i= 1,2), then r, # r2. According to 2.1 of [5], pi E.f”( ri) = Clpxfc(ri) 
(i = 1,2), hence p E cl,xfc(r,) n cl,,f’( r2). Cl 
Suppose that X is pseudocompact and that yX is aPzy compactijcation 
of X. For f E C*(X), the following are equivalent: 
(a) f extends to yX, 
(W cl,,f’(y,) n cl,~J’+ ( y2) = tj j&r distinct yi ,y, E R. 
228 B. Diamond 
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